We study the time evolution of a conformal field theory deformed by a relevant operator under a smooth but fast quantum quench which brings it to the conformal point. We argue that when the quench time scale δt is small compared to the scale set by the relevant coupling, the expectation value of the quenched operator scales universally as (δλ)δt d−2∆ where δλ is the quench amplitude. This growth is further enhanced by a logarithmic factor in even dimensions. We present explicit results for free scalar and fermionic field theories, supported by an analytic understanding of the leading contribution for fast quenches. Results from this Letter suggest that this scaling result, first found in holography, is in fact universal to quantum quenches. Our considerations also show that this limit of fast smooth quenches is quite different from a sudden quench from one time independent hamiltonian to another, where the Schrodinger picture state at the time of the quench simply serves as an initial condition for subsequent evolution with the final hamiltonian.
1. Introduction: Quantum quenches involve rapidly changing one of the parameters of a quantum system and then following its subsequent evolution. Recently, a great deal of attention has been given to the study of such systems, mainly because they have become available in laboratory experiments [1] . A particularly interesting class of quenches are those which involve a critical point at either an initial, final or intermediate stage of the quench. In this case, one expects that the subsequent time evolution carries universal signatures of the critical point. Indeed, for quenches which start in an initially gapped phase, it has been conjectured that for slow quenches various physical quantities obey scaling properties in the critical region known as Kibble-Zurek scaling [1, 2] which involves the equilibrium and dynamical critical exponents. At the other extreme, for sudden or instantaneous quenches to a critical point, Calabrese and Cardy [3, 4] demonstrated various universal characteristics and obtained exact results in two dimensions using methods of boundary conformal field theory. Yet another class of scaling relations hold for sudden quenches with small amplitude [5] .
The study of quenches can also produce new insights for questions related to understanding the development of thermal behaviour. Motivated by the study of thermalization of the strongly coupled quark-gluon plasma [6] , quenches have become an active topic of study within the framework of gauge/gravity duality. The AdS/CFT correspondence provides a particularly useful tool to analyze these kind of processes, since it allows the possibility of studying strongly coupled theories, to follow the real time evolution of the system and to easily vary other parameters such as the space-time dimension and/or the temperature. Indeed, in recent years holographic methods have thrown valuable insight into issues of thermalization [6] , universal Kibble-Zurek behavior in critical dynamics under an initally slow quench [7] and the dynamics of relaxation following quench across a critical point [8] .
In [9, 10] , a new set of scaling properties in the shorttime behaviour were found in the holographic analysis of smooth but fast quantum quenches where a critical theory was deformed by a relevant operator O ∆ , with conformal dimension ∆, with a time dependent coupling λ(t). Specifically, if δλ denotes the amplitude of the quench and δt is the time scale of the quench duration, it was found that for fast quenches (i.e., when δλ(δt) d−∆ 1), the change in the (renormalized) energy density δE scales as δλ 2 /δt 2∆−d and the peak in the (renormalized) expectation value of the operator O ∆ scales as δλ/δt 2∆−d . In fact, the growth in the expectation value is enhanced by an additional logarithmic factor for even d if the ∆ is an integer and for odd d if ∆ is a half integer. The same scaling holds for a reverse quench, i.e., a quench from a gapped theory to the critical theory. Note that in the limit δt → 0, these scalings yield a physical divergence when the conformal dimension is greater than d/2.
The previous results indicating that sudden quenches may be physically inconsistent seem to be at odds with the extensive studies of these processes, e.g., [3] [4] [5] . In these studies, there is an instantaneous transition from an initial (time-independent) hamiltonian H i to a final (time-independent) hamiltonian H f at a time t 0 . Then an initial state evolves to some state |ψ 0 at t = t 0 by evolution with hamiltonian H i . This state then acts an an initial state for time evolution for t > t 0 with the new hamiltonian H f . In contrast, the smooth fast quenches we consider involves time evolution with a time dependent hamiltonian which is a smooth function of time. A significant result of our work is that the fast limit of a smooth quench is quite different from the instantaneous quenches considered in [3] [4] [5] . More precisely, the momentum space correlators of e.g., [4] are recovered in the limit of a quench rate which is much larger than all the momenta in the problem. On the other hand, the fast smooth quench we consider has a quench rate large compared to the scale of the relevant coupling, but much smaller than the cutoff scale.
Of course, there is no reason to expect that the results in these two analyses should be similar. The holographic studies deal with a rather special class of arXiv:1401.0560v1 [hep-th] 2 Jan 2014 strongly-coupled large-N CFTs, that are clearly different from weakly coupled field theories. However, in this Letter we will argue that the scaling results of [9, 10] for fast but smooth quenches are in fact quite general. We first support this claim by demonstrating that the same scaling behaviour arises even in quenches of simple free field theories. Further we are able to argue that the same scaling result holds rather generally. 2. Quenching a free scalar field: We begin here by analyzing mass quenches for a free scalar field φ in a general spacetime dimension d. In particular, we consider a time-dependent mass which makes a smooth transition from some nonzero value m at early times to zero at asymptotically at late times, with a profile which allows an exact solution for arbitrary quench rates. In the limit, δt → 0, the profile yields an instantaneous transition from m to zero and so allows for a direct comparison to the results of [3, 4] . However, our analysis is guided by the holographic analysis of [9, 10] . From this perspective, the time-dependent coupling is λ(t) = m 2 (t) while the operator is O ∆ = φ 2 with conformal dimension ∆ = d−2. In the fast quench limit, we will demonstrate that the same scaling behavior discovered in the holographic analysis [9, 10] appears here for the suitably renormalized expectation value, O ∆ ren ∼ δλ/δt
. In fact, our analytic results also reveal an additional logarithmic enhancement of this scaling for even d, which is again in agreement with the holographic analysis. Further, comparing our analysis to [3, 4] , we show that our momentum-space correlation functions reproduce the results of abrupt quench in [4] only when the time scale for quench is small compared to all the momenta, as well being small compared to the initial mass.
Our choice for the profile of the mass is
that interpolates between m 2 (t = −∞) = m 2 and m 2 (t = +∞) = 0. Hence we start in a massive theory and we end with the massless case. Luckily, the scalar field equation,
with this profile (1), was studied previously as an example of quantum fields in a cosmological background [11, 12] . Hence exact analytical solutions for the mode functions are known with
where u k are the in-modes
with ω in = k 2 + m 2 , ω out = | k| and ω ± = (ω out ± ω in )/2. The operators a k above are defined to annihilate the in-vacuum, a k |in, 0 = 0. Now it is straightforward to compute the expectation value
Of course, this expectation value (5) contains UV divergences associated with the integration of k = | k| → ∞. The standard approach to deal with these UV divergences is to add suitable counterterms involving the timedependent mass to the effective action, as in the holographic renormalization of [9] . The approach is in fact identical to renormalization of quantum field theories in curved space-time, with the time-dependent mass playing the role of a background metric. In this latter case, the counterterms consist of all diffeomorphism invariant operators upto dimension d which can be constructed from the field and its derivatives, as well as geometric tensors constructed from the background metric. In the present case, this means that we should add counterterms which involve powers of the mass as well as time derivatives of the mass. While we will describe this approach in more detail for the present quenches in [13] , here it is sufficient to identify the contributions of these counterterms which render eq. (5) finite. Hence let us write the renormalized expectation value as
. (6) where f ct (k, m(t)) designates the counterterm contribution and Ω d−2 denotes the angular volume of a unit (d-2)-dimensional sphere. The counterterm contributions are readily identified by considering slow quenches and employing an adiabatic expansion [12] , as we now sketch. First, we define the 'adiabatic' modes as
for which the (bare) expectation value (5) becomes
In order for these modes to satisfy the Klein-Gordon equation (2) with a time varying mass, Ω k satisfies
Now the adiabatic analysis is applied by solving eq. (9) with the assumption that time-derivatives of the mass are small, i.e., ∂ result takes the form
The terms above should only be included only if the power of k greater or equal to −1. Hence eq. (10) shows the counterterm contributions needed to renormalize the expectation value (6) up to d = 9. Let us emphasize that here we are using the adiabatic limit simply as a convenient approach to identify the counterterm contributions, however, these same terms (10) still renormalize the expectation value (6) for arbitrary mass profiles and, in particular, for quenches with δt → 0. The physical intuition behind this expectation is that the very high momentum modes should be insensitive to the quench rate, i.e., changing δt does not effect physics at the regulator scale Λ, as long as Λδt 1. As an independent check, we have verified that precisely the same counterterm contributions (10) appear in directly making a large k expansion in eq. (5). First we define dimensionless parameters, κ = mδt and q = kδt, and then expand for small κ at fixed q in the series representation of the hypergeometric functions
where (x) n = x(x + 1) · · · (x + n − 1) (and (x) 0 = 1) and with a, b, c, z defined as in eq. (4). Now while every term in the above series has a κ 2 contribution, only the first few terms contribute in eq. (5) after integrating. The UV divergent terms in the integral are removed as in eq. (6) by subtracting a few extra terms with definite powers of q. The coefficients of these terms have a complicated time dependence, however, we have verified that they precisely match the expressions in eq. (10) for the given mass profile (1).
Though the above discussion applies for a general space-time dimension, we should distinguish between odd and even dimensions. When d is even, apart from the usual power-law divergences, we also find logarithmic divergences, i.e., eq. (10) contains a k −1 term. Hence, for even d, we also need to add a renormalization scale k 0 in defining the renormalized expectation value (6) . The appearance of this scale reflects new scheme-dependent ambiguities which can arise with time-dependent couplings [9] . Taking account of this additional complication, we are now able to compute the expectation value of φ for any dimension.
It is straightforward to evaluate eq. (6) numerically. As an example, figure 1 illustrates the result for d = 5 for various values of δt. Certainly, we see in the figure that the peak of the expectation value grows as δt becomes smaller. To evaluate this growth quantitatively, consider a log-log plot of the expectation value at t = 0 versus δt, i.e., φ 2 ren (t = 0) as a function of δt, in figure 2 . The slope of a linear fit to this data is very close to one, indicating φ 2 ren (t = 0) ∝ 1/δt for d = 5. In fact, we considered spacetime dimensions 9 ≥ d ≥ 3 in figure 2 and our numerical results indicate that generally φ 2 ren scales as δt −(d−4) , which matches the scaling behaviour uncovered by the holography analysis [9, 10] . Note that for d = 4, the naive formula suggests that φ 2 ren (t = 0) is independent of δt, but instead we found a logarithmic scaling, which again matches the holographic results. The holographic analysis [9, 10] further suggests that the power-law growth should be enhanced by an extra logarithmic factor for general even d. Unfortunately, we found that the fits to our numerical results are only sensitive to this logarithmic enhancement for d = 4, in which case, it actually provides the leading scaling behaviour -however, see our analytic results below. Finally, it is noteworthy that the above scaling continues to be valid for d = 3, where we find that the expectation value scales as δt, i.e., φ 2 ren (t = 0) vanishes rather than diverging as δt → 0. This case is examined more carefully in [13] . In fact, extending the κ expansion described above, we can obtain an analytic expression for the leading behaviour for the expectation value as δt → 0. For odd d ≥ 5, we find
Of course, this expression matches the time-dependence of φ 2 ren found numerically for small δt. With the given mass profile (1), eq. (12) indicates that the general scaling
appears at leading order in the κ expansion. Again, this is exactly the scaling behavior obtained in the holographic calculations for a strongly coupled theory [9, 10] . The case of d = 3 can also be treated separately and we obtain
to leading order in δt. For even d, the situation is similar but we find analytically the dependence with the renormalization scale k 0 . The final result is
where the 'dots' indicate terms independent of k 0 . Again, this formula reproduces the scaling behaviour originally found with holography, including an extra logarithmic enhancement, i.e., φ 2 ren ∼ log(1/δt)/δt d−4 . As an independent check of our results, we have considered the diffeomorphism Ward identity [9] 
where E is the energy density. The energy density may be evaluated independently [13] and comparing the results for the two sides of the above identity shows complete agreement. We also note that these calculations verify the quenches of the free scalar reproduce the scal-
, which was found in the holographic analysis [9, 10] .
To close, we compare the above resulst with those for sudden quenches in [3, 4] . We emphasize that the latter implicitly considers a limit where ωδt, ω in δt 1, as well as t δt. With this limit in mind, we can evaluate the the momentum-space Green's function using eq. (4) and by making a Bogoliubov transformation to out-modes (which behave as ∼ e −iωoutt at late times). A straightforward calculation using the Bogoliubov coefficients given in [11, 12] then exactly reproduces equation (8) of [4] in the limit δt → 0. However, we must add that the limit which we consider in this Letter is different from the above. Since m and δt are the only scales in the theory, here a 'fast' quench means m δt 1. Moreover, we have to integrate over all momenta, e.g., in eq. (6) and so ωδt, ω in δt can not be considered always small. However, one may still expect that both approaches will yield the same results for certain infrared questions, e.g., late-time correlators for large separations. 3. Quenching a free fermionic field: Here we turn to mass quenches for a free Dirac fermion ψ in a general spacetime dimension d. The calculations fit these quenches are completely analogous to those above for the scalar field and so we only provide a sketch here, reserving the details for [13] . Applying the terminology of the holographic studies [9, 10] here, the time-dependent coupling is λ(t) = m(t) while the operator is O ∆ =ψψ with conformal dimension ∆ = d−1. Hence the scaling behavior expected from the holographic results [9, 10] would be
As for the scalar, the present fermionic quenches can be related to fermions (with constant mass) in a timedependent cosmological background [14] . In particular, with the mass profile
analytic solutions for the mode functions can be found. The expectation value ψ ψ must again be renormalized by subtracting various counterterm contributions, as above. The resulting expression is easily evaluated numerically and the results are shown in figure 3 for various d. In particular, the figure indicates that the expected scaling emerges for these quenches of free fermions, i.e., ψ ψ ren ∼ δt −(d−2) . Again, for d = 2, the naive scaling formula no longer applies and rather a logarithmic scaling behaviour is found. We again expect that there is a similar logarithmic enhancement for general even d, as predicted by the holographic analysis [9, 10] . However, fitting our numerical results is insensitive to these additional logarithmic factors beyond d = 2. This question is examined analytically in [13] . 4. Interacting Theories: So far we showed that the short-time scaling that first appeared in holographic studies of quenches in strongly coupled theories [9, 10] also emerges for mass quenches in free field theories. This result may then suggest that this scaling actually applies quite broadly and here we formulate a general argument for this result. Let us begin a general quantum field theory of the form
where O ∆ is a relevant operator with dimension ∆ < d. To describe the quenches similar to those described above, we choose the coupling λ(t) to have the form
where h(x) is a smooth monotonic function which goes from zero to 1 to roughly over an interval of width ∆x ∼ 1 centered around x = 0. Hence λ(t) decreases from δλ to zero in an time interval of width δt centered around t = 0. Now, we calculate the expectation value of the operator perturbatively around the gapped theory given by
where all the expectation values above are evaluated in the theory S 0 . The second term above is the linear response with the retarded correlator
Similarly, the third term involves a suitably ordered correlator of three insertions of O ∆ [13] . Of course, the expression (20) is UV divergent and we need to add counterterms to extract out the finite renormalized expectation value. We will assume that this renormalization can be carried out to yield a result which only depends on the two (renormalized) parameters, δλ and δt. Implicitly, we are assuming that the quench protocol does not lead to any unconventional RG flows, as observed in [16, 17] . Now we observe that the final result is simply expressed in terms of a dimensionless effective coupling
which is expressed in terms of the renormalized parameters, δλ and δt. Since the latter provide the only scales in the problem, dimensional analysis demands that the final finite result must have the form
where the constants a n are finite numbers by assumption. Now for the fast quenches studied here, we hold δλ fixed while taking δt → 0 and therefore we are considering a limit where the effective coupling (22) becomes vanishing small, i.e., g → 0 since ∆ < d. Hence, in this limit, the first term dominates the above expansion in powers of g and is proportional to (δt) −∆ g ∼ δλ/δt 2∆−d , which is the desired scaling. Further this term provides the leading contribution to the expectation value for ∆ > d/2 since O ∆ (0) 0,ren is calculated in the gapped theory defined by S 0 and so must be independent of δt.
It is natural to expect that the adiabatic expansion yields the correct counterterms. The physical intuition behind this is that the high momentum modes do not care if the quench is fast or slow, as long as the quench rate is smaller than the scale of the cutoff. The quantum quenches considered in this Letter are fast compared to the scale of the relevant coupling, but slow compared to the scale of the cutoff. In fact, implicitly, we take the cutoff scale Λ to infinity in renormalizing the physical observables. Therefore one would expect that the UV effects can be removed by subtracting the answer for slow quenches, which is of course the adiabatic expansion. We have explicitly shown that this intuition is correct for free fields. The holographic calculation of [9, 10] indicates that this is valid for these strongly coupled theories. While we do not have a proof that this is also valid for arbitrary field theories, we believe that it is a reasonable assumption to make. It would be interesting to check if this is indeed true by explicit calculations in interacting field theories, e.g., in large-N vector models [18] . It would also be interesting to study the short-time scaling in quenches of systems where the cutoff Λ is explicitly retained. It is reasonable then to expect that the scaling discussed here would only appear as an approximate description when Λ δt 1. To conclude, we showed in this Letter that both universal scaling of fast quenches and regularization of time dependent QFTs work even outside holography. It would be interesting to further generalize these results to arbitrary CFTs using linear response theory and try to understand the concrete relation between our quenches and other studies, for instance, in the lattice or in weakly interacting theories. We hope to report on this in a near future.
